We make an explicit formulation for the proton decay rate in the minimal renormalizable supersymmetric (SUSY) SO (10) 
I. INTRODUCTION
Proton decay would be a smoking gun signature for Grand Unified Theories (GUTs).
Unfortunately, no such signal has been seen. In fact, very strong experimental limits have been set for this process, placing the minimal GUTs in a very precarious position. SuperKamiokande has set a lower limit on the proton lifetime in the channel p → K + ν as
at the 90% confidence level [1] . This has already placed stringent constraints on SU (5) . In fact, minimal SUSY SU(5) model is absolutely excluded [2] . Thus the realistic unified model builders must seriously consider the proton life time constraints. Now, SO(10) GUTs have been mainly discussed in connection with the neutrino oscillations since this part is less known than the other quark and charged lepton parts. In this connection, SO(10) GUTs have some advantages over SU(5) GUTs. One of them is that they incorporate the right-handed neutrinos as the member of the 16 dimensional spinor representation together with the other standard model fermions, and provide the natural explanation of the smallness of the neutrino masses through the seesaw mechanism [3] . In this paper, we consider the minimal renormalizable SUSY SO(10) model. This model contains two Higgs fields 10 and 126 in the Yukawa interactions with matter [4] [5] . This is the minimal model in the sense that it has the minimal contents of Higgs fields compatible with the low-energy experimental data. However, even if the Yukawa couplings are of the same type, their values are not uniquely determined. The values depend on the ambiguities of the input data (strange quark mass, for instance), the symmetry breaking patterns and on the type of the seesaw mechanism [6] . These comprehensive arguments have not been done fully and for that purpose it is indispencible to treat the Higgs potential also seriously and then, the proton decay plays a crucial role in these processes. For clarity, we discuss in this paper the two-fold minimal model, the minimal in the Yukawa interactions with matter as mentioned above and minimal in the superpotential of the Higgs sector which include 126
and 210 in addition to the above 10 and 126.
This paper is organized as follows. In Sec. 2, we give the explicit form of the superpotential in our model. In Sec. 3, a very brief description of the symmetry breaking procedure and the decomposition of the original Higgs fields into the minimal supersymmetric standard model (MSSM) are given. In Sec. 4, using these techniques, we can get the mass matrices for a variety of fields, especially for the would-be Nambu-Goldstone (NG) modes. Then we can check that the appropriate NG modes do appear in the mass spectra. In Sec. 5, we check the mass matrices for the electroweak Higgs doublets and consider the conditions for two Higgs doublets to remain light. In Sec. 6, we derive the formulae for the evaluation of the proton decay rate. In Sec. 7, we finally check the remaining mass matrices and the effects of the threshold corrections on the gauge coupling unification. In Appendices, we list up all the coefficients of dimension-five and -six operators, which are relevant to proton decay. The applications to a more elaborate model will be given in a separate publication.
II. MINIMAL SO(10) GUT
In this section, we explain the minimal renormalizable SUSY SO(10) model. As mentioned in the introduction, it contains two Higgs fields in the Yukawa interactions with matter Higgs field has desirable properties for providing masses of the right-handed Majorana neutrinos. Also it was found that 10 (≡ H) and 126 (≡ ∆) are suitable for the mass matrices since they satisfy the Georgi-Jarlskog relation. In order to preserve supersymmetry, we must also include the Higgs field ∆ of 126 dimensional representation. The Higgs field Φ of 210 dimensional representation is introduced to break the SO(10) gauge symmetry [7] and to make mix the Higgs doublets included in H and ∆ [4] . Then the minimal Yukawa coupling
and the minimal Higgs superpotential is [8] [9]
The interactions of 210, 126, 126 and 10 lead to some complexities in decomposing the GUT representations to the MSSM and in getting the low energy mass spectra. Particularly, the Clebsch-Gordan (CG) coefficients corresponding to the decompositions of SO(10) →
Y have to be found. This problem was first attacked by Xiao-Gang
He and one of the present authors (SM) [10] and further by Lee [8] . But they did not present the explicit form of mass matrices for a variety of Higgs fields and also did not perform a formulation of the proton life time analysis. In this paper we will complete that program in the frame of our minimal SO(10) model.
III. SYMMETRY BREAKING
In order to discuss the symmetry breaking pattern, here we briefly summarize our conventions for the SO(10) indices. SO(10) indices α = 1, 2, · · ·, 9, 0 are divided into two parts α = 1, 2, 3, 4 for SO(4) ∼ = SU(2) × SU(2) and α = 5, 6, 7, 8, 9, 0 for SO(6) ∼ = SU(4). For the
Hereafter we use this Y diagonal basis and omit the dashes. We use the following abbreviation to describe a direction in some superfield,
The same notation is used for the corresponding VEVs. The Higgs fields of the minimal SO(10) model contain five directions which are singlets under
Three of them are included in 210, and one in 126v
Due to the D-flatness condition the VEVs, v R and v R are equal Eq. (2.2),
Now we write down the VEV conditions which preserve supersymmetry, with respect to the directionsφ 1 ,φ 2 ,φ 3 , andv R , respectively.
Eliminating v In the basis Φ (3,2,
) (15,2,2) , the mass matrix is written as
This determinant is also equal zero assuming the VEV conditions.
In the basis Φ ) (10,1,3) , the mass matrix is written as
In the basis Φ
(1,1,1) (15, 1, 3) , ∆
(1,1,1) (10, 1, 3) , the mass matrix is written as
In the basis Φ , the mass matrix is written as
) is nothing but Eq. (3.12) and Eq. (4.5) has one zero eigenvalue.
V. ELECTROWEAK HIGGS DOUBLET
In the standard picture of the electroweak symmetry breaking, we have the Higgs doublets which give masses to the matter. These masses should be less than or equal to the electroweak scale. Since we approximate the electroweak scale as zero, we must impose a constraint that the mass matrix should have one zero eigenvalue.
We define
.
(5.1) and
In the basis H 10 u , ∆ u , ∆ u , Φ u , the mass matrix is written as
The corresponding mass terms of the superpotential read
The requirement of the existence of a zero mode leads to the following condition.
For instance, in case of λ 1 = λ 3 = 0, we obtain a special solution to Eq. (5.5), while it keeps a desirable vacuum and does not produce any additional massless fields. However, we proceed our arguments hereafter without using this special solution.
We can diagonalize the mass matrix, M doublet by a bi-unitary transformation.
Then the mass eigenstates are written as
The representations 45 and/or 54, and higher dimensional operators, are not included in our minimal model. Therefore, we must set the "Doublet-Triplet splittings" by hand as Eq. . This can not be accepted since it leads to the formal singularity in the low-energy Yukawa couplings (A matrix in Eq. (6.14)). Namely, it leads to the equality
, and therefore only the ratio of Y 10 and Y 126 can be determined from Eq. (6.14). So we set λ 3 = λ 4 hereafter.
By making the inverse transformation of Eq. (5.7), the following expressions are obtained,
where "+ · · ·" represent the heavy Higgs fields, h Precisely, we can read off from Eq. (5.7) as
Using the two pairs of the Higgs doublets, H are rewritten as
By using Eq. (5.8), we obtain the low-energy effective superpotential which is described by only the light Higgs doublets H u and H d ,
Here we have assumed that some mechanism, like the Giudice-Masiero mechanism [11] in supergravity, may produce the effective µ term, µ eff for the light Higgs doublets.
VI. PROTON DECAY
After the symmetry breaking from SO (10) 
Yukawa interactions between the matter fields and the color triplet Higgs fields are given by
Here we have defined
For later use we define
where
and
The corresponding mass terms of the superpotential reads
Here we integrate out the color triplet Higgs fields, ∆ T and Φ T , which do not appear in the Yukawa interaction with matter, Eq. (2.1),
Putting this into the original mass terms of the superpotential Eq. (6.5), we can obtain the following mass terms for the color triplet Higgs fields,
Here the explicit forms of the elements of this mass matrix, M eff triplet = {m ij } are given as follows, Then the effective mass terms for the remaining color triplet Higgs fields are written as Combining the Eqs. (6.9) and (6.10) leads to the effective dimension-five interactions after integrating out the remaining color triplet Higgs fields [12] , 12) inducing the dangerous proton decay. Here, C L and C R are given by the Yukawa coupling
Thus we have
We make use of this expressions in order to evaluate the renormalization group effects on the Wilson coefficients C ijkl L and C ijkl R . Without loss of generality, we can use the basis where Y u is real and diagonal,
with v ≃ 174.1 [GeV] . Since Y d is a symmetric matrix, it can be described as
by using a unitary matrix
where λ 3 , λ 8 are the Gell-Mann matrices and V CKM is the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [13] .
1
The complete anti-symmetry in the color indices requires that the dimension-five operator Eq. (6.12) possesses the flavor non-diagonal indices [14] . As a consequence, the dominant decay mode is p → K +ν . This fact implies that the chargino dressing diagrams dominate over the gluino and the neutralino dressing diagrams [15] .
In the components form, the dimension-five operators at the SUSY breaking scale, M SUSY are written as
, we set these phases α i (i = 1, 2, 3), β i (i = 2, 3) to zero or π.
The coefficients are obtained from the coefficients of the original dimension-five operators including their renormalizion from M G to M SUSY . Their explicit forms are found in Appendix A. After the sparticles dressing, we obtain the following type of dimension-six operators causing nucleon decays, For the decay mode p → K +ν i , the partial decay rate is given by the formula 
VII. GAUGE UNIFICATION
In general, the gauge couplings unification imposes constraints on the mass spectrum of many varieties of Higgs fields [22] . Our strategy is a generic one that all of the dimensionless coefficients should remain of order one to preserve the perturbative limit and put all the VEVs at the GUT scale in order to realize the simple gauge couplings unification picture.
For the numerical evaluation, we use the one-loop renormalization group equations (RGEs) in the DR scheme [23] ,
where C 2 is the quadratic Casimir operator; C 2 (SU(3)) = 3, C 2 (SU (2) 
3) (color triplet Higgs fields), the massive fields are given as follows.
For 126 and 126 representation fields, their quantum numbers, the masses and their β function coefficients are given in Table I. For 210 representation field, their quantum numbers, the masses and their β function coefficients are given in Table II . 3, 2,
0 0 24 5 TABLE II. The mass matrices and the β function coefficients for 210.
quantum numbers mass matrices, or mass eigenvalues b
6, 2,
10 6
2 5
3, 3,
12
24 5 3, 1,
Putting these values into Eq. (7.1), the unification condition produces two individual equations,
Setting all VEVs at the GUT scale, φ 1 ∼ φ 2 ∼ φ 3 ∼ v R ∼ M G , and the remaining dimensionless coefficients of order one, we can search whether Eqs. (7.6) and (7.7) have a solution
If such a solution exists, it would limit the parameters in the superpotential Eq. (2.2) to some restricted region.
VIII. CONCLUSION
We find the general formulation for the proton decay rate in the minimal renormalizable SUSY SO(10) models. Using this generic formulation one can find whether the minimal SUSY SO(10) grand unified theory has been excluded.
Recently, using their Yukawa couplings (Eqs. (8) and (9) in Ref. [25] ), Goh-MohapatraNasri-Ng obtained the allowed region of (x, y, z) which correspond to
notation. However, they did not discuss the concrete form of the superpotential and, therefore, compatibilities of their superpotential with other constraints are not clear in their
paper. Also, as we have mentioned above, there appears a non zero x value even without the 54 dimensional Higgs field. Further, besides the color triplet Higgs, there is a much richer Higgs particle content. These additional Higgs fields may cause a pathology of the gauge coupling unification. This paper presents a relationship among these comprehensive but tightly connected problems. In this appendix, we list the explicit form of the various interaction coefficients.
We use the following notations for the mixing matrices which diagonalize the squark, slepton mass-squared matrices and chargino, neutralino mass matrices. Squark, slepton mass-squared matrix M 
For the dimension-five operators, we have the following expressions
In Eqs. (A.6) and (A.7), it should be noticed that the neutrinos in the final states should be rotated from the flavor eigenstates to the mass eigenstates by using the Maki-NakagawaSakata (MNS) mixing matrix [26] , U MNS .
B. Sparticles interactions
We use the following notations for the quark-gluino-squark, quark(lepton)-charginosquark(slepton) and quark(lepton)-neutralino-squark(slepton) interactions,
• quark-gluino-squark interactions
• quark(lepton)-neutralino-squark(slepton) interactions
Explicitly, we have the following expressions
(B.21)
These expressions are found in [27] , but only for the quark sector. So here we write them explicitly.
C. Dimension-six operators
For the dimension-six operator, we devide the coefficients into three parts according to the dressed sparticles,
etc. Then we have the following expressions. These expressions have the same forms as [18] .
However, ours are different from them in the neutrino sector as was mentioned in the end of Appendix. A. 
Here we have defined a loop function, 
